THETA SERIES ASSOCIATED WITH THE SCHRODINGER-WEIL 

REPRESENTATION 



JAE-HYUN YANG 

Abstract. In this paper, we define the Schrodinger-Weil representation for the Jacobi 
group and construct covariant maps for the Schrodinger-Weil representation. Using these 
covariant maps, we construct Jacobi forms with respect to an arithmetic subgroup of the 
Jacobi group. 



1. Introduction 

For a given fixed positive integer n, we let 

M n = { G C (n ' n) | n = % lmfi>0} 

be the Siegel upper half plane of degree n and let 

Sp(n,R) = {ge R( 2n ' 2n ) | *gj n g = J n } 

be the symplectic group of degree n, where F^ k ^ denotes the set of all k x I matrices with 
entries in a commutative ring F for two positive integers k and I, t M denotes the transposed 
matrix of a matrix M, Im £1 denotes the imaginary part of £1 and 

V 
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We see that Sp(n,M.) acts on IH n transitively by 

g ■ n = (An + B)(cn + d) _1 , 

where g = G Sp(n,M) and 17 G H n . 

For two positive integers n and m, we consider the Heisenberg group 

H^' m) = { (A,/x; re) | A,/x G M (m ' n) , re G R {m ' m) , re + n 1 A symmetric } 
endowed with the following multiplication law 

(A,/i;re) o (X',p';k) = (A + A', /x + //; re + re' + A V — £t * A'). 

We let 

G J = 5p(n,M) x H^ 1 ' 171 ^ (semi-direct product) 
be the Jacobi group endowed with the following multiplication law 

(#,(A,/x;re)) • (y,(A',//;re')) = (W, (A + A', ju + //; re + re' + A V - 7* *A')) 
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with g,g' G Sp(n,R), (A, /i; k), (\',h';k') G #4 and (A, /I) = (A,^)c/. We let T n = 
Sp(n,Z) be the Siegel modular group of degree n. We let 

r J = r n k ^ n ' m) 

be the Jacobi modular group. Then we have the natural action of G J on the Siegel-Jacobi 
space M nim := H n x C^' 71 ) defined by 

(g, (A, /i; «)) • (fi, Z) = (s-fi, (Z + AO + M )(Cn + D)" 1 ) , 

where 9 = € 5p(n,M), (A,M!«) G ^ n ' m) and («, Z) G M n>m . We refer to [H]-[25] 

for more details on materials related to the Siegel-Jacobi space. 

The Weil representation for the symplectic group was first introduced by A. Weil in [13] 
to reformulate Siegel's analytic theory of quadratic forms (cf. [12]) in terms of the group 
theoretical theory. It is well known that the Weil representation plays a central role in 
the study of the transformation behaviors of the theta series. In this paper, we define the 
Schrodinger-Weil representation for the Jacobi group G J . The aim of this paper is to con- 
struct the covariant maps for the Schrodinger-Weil representation, and to construct Jacobi 
forms with respect to an arithmetic subgroup of T J using these covariant maps. 

This paper is organized as follows. In Section 2, we discuss the Schrodinger representa- 
tion of the Heisenberg group H^' m ^ associated with a symmetric nonzero real matrix of 
degree m. In Section 3, we review the concept of a Jacobi form briefly. In Section 4, we 
define the Schrodinger-Weil representation ujj^i of the Jacobi group G J associated with a 
symmetric positive definite matrix M and provide some of the actions of ujm on the repre- 
sentation space L 2 (lR( m ' n )) explicitly. In Section 5, we construct the covariant maps for the 
Schrodinger-Weil representation uj_m- I n the final section we construct Jacobi forms with 
respect to an arithmetic subgroup of T J using the covariant maps obtained in Section 5. 

Notations : We denote by Z and C the ring of integers, and the field of complex numbers 
respectively. C x denotes the multiplicative group of nonzero complex numbers. T denotes 
the multiplicative group of complex numbers of modulus one. The symbol ":=" means that 
the expression on the right is the definition of that on the left. For two positive integers k 
and I, F( k ' 1 ' denotes the set of all k x / matrices with entries in a commutative ring F. For a 
square matrix A G F^ k ' k ^ of degree k, a (A) denotes the trace of A. For any M G F^ k ' l \ l M 
denotes the transposed matrix of M. I n denotes the identity matrix of degree n. We put 
i = \J — 1. For z G C, we define z 1 ! 2 = \J~z so that —tt/2 < arg(z 1 / 2 ) < ir/2. Further we put 

z K/2 _ ^/Zy f Qr eyer y K £ z. 



2. The Schrodinger Representation of ' 

First of all, we observe that is a 2-step nilpotent Lie group. The inverse of an 

element (A, yu; k) G H^'™^ is given by 

(A, ft) -1 = (—A, — /i; — k + A*/i — /U*A). 
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Now we set 

[A,/x;re] = (0,/x;re) o(A,0;0) = (A, fi; re - ^*A). 
Then ^™' m) may be regarded as a group equipped with the following multiplication 

[X,fx; re] o [A ,/x ; re ] = [A + A ,/i + /x ; « + ^ + A % + Mo*A]. 
The inverse of [A, /x; re] G H^' m ^ is given by 

[A, //; re] -1 = [-A, -fi; re + A */x + /x*A]. 

We set 

L = | [0, /i; re] G flj*'" | p G M^ m '™\ re = 're G M( m ' m ) } . 

Then L is a commutative normal subgroup of H^' m \ Let L be the Pontrajagin dual of L, 
i.e., the commutative group consisting of all unitary characters of L. Then L is isomorphic 
to the additive group R( m > n ) x Symm(m, 1) via 

(a, a) = e 2^(AV+™) ; a = [ Q) M . K j G Lj a = ^) G J, 

where Symm(m,I) denotes the space of all symmetric m x m real matrices. 
We put 

S = {[\, 0; 0] G F<f' m) | A G R(m ' n) } - R(m ' n) - 
Then S 1 acts on L as follows: 

a A ([0,/z;re]) = [0, n; re + A*/i + H% [A, 0,0] G 5. 
We see that the Heisenberg group ( H < ^ L ' rn \ o ) is isomorphic to the semi-direct product 



S x L of S and L whose multiplication is given by 

(A, a) ■ (A , a ) = (A + A , a + oa(oo)) , A, A G S, a, a G L. 

On the other hand, S acts on L by 

a* x (a) = (/} + 2reA,re), [A,0;0] a= (fi,k) eL. 

Then, we have the relation (a^(a), a) = (a, a^(a)) for all a G L and a G L. 

We have three types of S-orbits in L. 

Type I. Let re G Symm(m,E) be nondegenerate. The 5-orbit of a(re) = (0, re) G L is given 
by 

6 k = {(2reA, re) G L I A G R^ m ' n \ 
Type II. Let (/x,re) G R( m ' n ) x Symm(m,K) with degenerate re / 0. Then 

= {(A + 2reA, re) I A G M^)} C r("v0 x {re}. 

Type III. Let y G R( m ' n ). The S-orbit O y of o(y) = (y,0) is given by 

Oy = {(y,0)} = a(y). 
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as a set. The stabilizer S% of S at d(«) = (0, re) is given by 

5/i = {0}. 

And the stabilizer S y of 5 at a(y) = (y, 0) is given by 



[A,0;0] 
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In this section, for the present being we set H = H^ 1 for brevity. We see that L is a 
closed, commutative normal subgroup of H. Since (A,/x;k) = (0, /i;re + fj, A) o (A, 0;0) for 
(A, re) G -H", the homogeneous space X = L\H can be identified with R( m > ?1 ) via 

Lh = Lo (A,0;0) i — > A, h = (X,/j,;k) e H. 

We observe that acts on X by 

(Lh) ■ h = L (A + A , 0; 0) = A + A , 

where h = (A, fi; re) G H and /io = (Ao, [J-o) reo) £ 

If /i = (A, re) G i7, we have 

i A = (0,/i;/c + /i*A), s fo =(A,0;0) 

in the Mackey decomposition of /i = lh o s ft (cf. [8]). Thus if /io = (Ao, Mo! K o) £ -ffj then we 
have 

s h oh = (A,0;0) o (A ,/U ;ko) = (A + A , /x ; k + A'^o) 

and so 

(2.1) l Sh oh = (0,/io; + /"o'Ao + A^o + /VA). 

For a real symmetric matrix c = *c G Symm(m, M) with c / 0, we consider the unitary 
character \ c of L defined by 

(2.2) Xc ((0,/i; K ))=e™( CK )/, (0, W «)€L, 

where I denotes the identity mapping. Then the representation W c = Ind|f Xc of H induced 
from X c is realized on the Hilbert space H( Xc ) = L 2 (X,dh,C) ^ I? (RO 71 '") , df) as follows. 
If /to = (Ao, Mo; fto) ^ ^ an d x = Lh G X with /i = (A, /u; re) G -ff, we have 

(2-3) (^c(W) (x) = xSs h oh ) (f(xho)) , / G H( Xc ). 

It follows from (2.1) that 

(2.4) TOM/) (A) = e^W^o+Mo'Ao+SAVo)} /(A + Aq)) 

where ho = (Ao,Mo;ko) £ -ff anci A G R( m ' n ). Here we identified a; = Lh (resp. x/io = 
Lhho) with A (resp. A + Ao). The induced representation is called the Schrddinger 
representation of H associated with X c- Thus W c is a monomial representation. 



> (m,n) 
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Theorem 2.1. Let c be a positive definite symmetric real matrix of degree m. Then the 
Schrddinger representation W c of H is irreducible. 

Proof. The proof can be found in [14] . Theorem 3. □ 

Remark. We refer to [Hj-[H] for more representations of the Heisenberg group H^ l ' m ' > 
and their related topics. 



3. Jacobi Forms 

Let p be a rational representation of GL(n, C) on a finite dimensional complex vector 
space V p . Let M. G ]R( m ' m ) be a symmetric half-integral semi-positive definite matrix of 
degree m. Let C 0C (EI Tl|m , V p ) be the algebra of all C°° functions on H n)m with values in V p . 
For / G C°°(M ntm , V p )',we define 

(/U^[(3,(A,/x;«))])(fi,Z) 

(3 1) _ e -2TTia(M(Z+\n+n)(Cn+D)- 1 C t (Z+\n + p J )) x e 2iTia(M(\n t \ + 2\ t Z+K+n t \)) 

x p(CQ + D)~ l f(g-Sl, (Z + XQ + n)(cn + D)- 1 ), 
where 9 = d) e Sp(n,R), (X,p; k) G H^' m ^ and (O, Z) G H„ im . 

Definition 3.1. Let p and M be as above. Let 

H^' m) = {(A, M ; «) G i4 n ' m) | A,/i G 7L^ n \ k G Z( m ' m ) }. 

A Jacobi form of index M. with respect to p on a subgroup V of r„ of finite index is a 
holomorphic function / G C°°(M ntm , V p ) satisfying the following conditions (A) and (B): 

(A) /|^[7] = /forall7Grx4 n ' m) . 

(B) For each M G T n , f\ Pt j^[M] has a Fourier expansion of the following form : 

(f\ pM [M])(n,z)= E C (r,i?)-eV CT (™). e ^(^) 



T=*T>0 i?gZ(™' m ) 
half-integral 



(— T -R\ 
l F tr> \ A J = °- 

If n > 2, the condition (B) is superfluous by Koecher principle ( cf. [26] Lemma 1.6). We 
denote by J Pi x(r) the vector space of all Jacobi forms of index M. with respect to p on 
r. Ziegler(cf. [26] Theorem 1.8 or [2j Theorem 1.1) proves that the vector space J Pt /^(T) 
is finite dimensional. In the special case p{A) = {&et{A)) k with A G GL(n,C) and a fixed 
k G Z, we write Jfc,»(r) instead of J P) m(X) an d call the weight of the corresponding 
Jacobi forms. For more results on Jacobi forms with n > 1 and m > 1, we refer to |19]-|22] 
and [26] . 

Definition 3.2. A Jacobi form / G Jp j x(r) is said to be a cusp (or cuspidal) form if 
2^ J > for any T, R with c(T,i?) ^ 0. A Jacobi form / G J p ,m( T ) is said to 
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be singular if it admits a Fourier expansion such that a Fourier coefficient c(T, R) vanishes 
4-T ±R> 



(1 rp I^A 
\ l R Mj 



We allow a weight k to be half-integral. 

Definition 3.3. Let T C T n be a subgroup of finite index. A holomorphic function 
/ : H njjn — > C is said to be a Jacobi form of a weight k G with level T and index A4 if 
it satisfies the following transformation formula 

(3.2) f(l-(Sl,Z))= xtf)JkM&>(to,Z))f(Sl,Z) forall7Gf = T^H^ m \ 

where x is a character of T and m :TxI nm — > C x is an automorphic factor defined 
by 

J kM (j £)) = e 27rja(A4(Z+An+ M )(Cf7+D)- 1 C t (Z+An+ At )) 

Xe -2nia(M(Xn*X+2X*Z + K + ^X)) de ^ cn + D)fc 

with 7 = ( 7 , (A, / u; k)) G f with 7 = ^) G r, (A, /x; k) G flj*'" and (fi, Z) G H n , m . 

4. The Schrodinger-Weil Representation 

Throughout this section we assume that A4 is a symmetric integral positive definite mxm 
matrix. We consider the Schrodinger representation Wm of the Heisenberg group H^' m ^ 
with the central character W M ( (0,0; «)) = Xm((0,0;k)) = K e Symm(m,K) (cf. (2.2)). 

We note that the symplectic group Sp(n,R) acts onfff m) by conjugation inside G J . For 

a fixed element g G Sp(n, R), the irreducible unitary representation W M of H^'™^ defined 
by 

(4.1) ^{h) = W M {ghg- 1 ), h£H^ m) 

has the property that 

*%((0,0; «)) = #m((0,0;«)) = e ™(A<«) Id H(x//() , « G Symm(m,M). 
Here Id#( XA1 ) denotes the identity operator on the Hilbert space H(xm)- According to 
Stone- von Neumann theorem, there exists a unitary operator Rm(q) on H(xm) such that 

Rm(9)^ / m(^ 1 ) = ^m(^)-R.m(<7) f° r an ^ £ Hr'" 1 ^- We observe that Rm{q) is determined 
uniquely up to a scalar of modulus one. From now on, for brevity, we put G = Sp(n,M.). 
According to Schur's lemma, we have a map cm : G x G — ► T satisfying the relation 

Rm{9i92) = c M (gi, 92)Rm(9i)Rm(92) for all g x ,g 2 G G. 

Therefore Rm is a projective representation of G on H(xm) an d cm defines the cocycle 
class in H 2 (G,T). The cocycle cm yields the central extension Gm of G by T. The group 
Gm is a set G x T equipped with the following multiplication 



(9i, h) ■ {g2,t 2 ) = (gm, ht 2 c M (gi, g 2 ) X ), 91,92 ^ G, t!,t 2 eT. 
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We see immediately that the map Rm '■ Gm — ► GL{H(xm)) defined by 

(4.2) R M (g, t)=tR M (g) for all (g, t) G G M 

is a true representation of Gm- As in Section 1.7 in [7J, we can define the map sm : G — > T 
satisfying the relation 

cm(9i,92) 2 = s m (9i)~ 1 sm(92)~ 1 sm{9i92) for all gi,g 2 G G. 
Thus we see that 

G 2 ,m = { (9,t) £G M \t 2 = s M {g)- 1 } 
is the metaplectic group associated with M. that is a two-fold covering group of G. The 
restriction R 2 ,m of Rm to G 2 ,m IS the Weil representation of G associated with M.. Now 
we define the projective representation ttm of the Jacobi group G J by 

(4.3) 7T M (hg) = W M (h) R M (g), he H^' m) , g G G. 

The projective representation ttm of G J is naturally extended to the true representation ujm 

of the group G J 2 M = G 2j m ix H^' m ^ . The representation u>m is called the Schrddinger- Weil representation 

of G J . Indeed we have 

(4.4) u M {h-{g,t))=tW M {h)R M {g), h G H^ m) , (g,t) G G 2jA4 . 
We recall that the following matrices 

t (6) - ( r w J with any 6 = *6 G ^ (r ' ■'" 

9o (a) 

generate the symplectic group G = Sp(n,M.) (cf. [3, p. 326], [10, p. 210]). Therefore the 
following elements ht(\,[i;K), tj^\{b), gM( a ) an d (y n ,M °f K defined by 

ht(\,fx;K) = ((I 2n ,t),(X,fi;n)) with f G T, A,/iGM (m ' n) and k G M (m ' m) , 
4^(6) = ((t (b),l),(0,0;0)) with any b = *6 G M (n ' n) , 
5M (a) = ((00(a), l), (0,0; 0)) with any a G GL(n, R), 
o- n ,M = ((o"n,o,l), (0,0;0)) , 

generate the group Gm ix . We can show that the representation Rm is realized on the 

representation H(xm) = £ 2 (M( m > n )) as follows: for each / G L 2 (R( m > n )) and x G R( m > n ), 
the actions of Rm on the generators are given by 

(4.5) (R M (ht(\,r, K ))f) (x) = te^ M ^ tx+2xt ^f(x + X), 



In 
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(4.6) (R M {t M (b))f){x) = e^< Mxb ^f(x), 
R M (9M(a))f)(x) = (deta)' f(x*a), 

mn 

(4.8) (R M {<rn,M)f)(x) = (-) 2 {detMy [ f {y)e-™ dy. 

We denote by L 2 + (R^ m ^) (resp. L 2 (R( m ' n ))) the subspace of L 2 (R( m ' n )) consisting of 
even (resp. odd) functions in L 2 (M'" 1 '™)) . According to Formulas (4.6)-(4.8), R 2 ,m is de- 
composed into representations of R 2M 

R2,M = R 2 ,M ® R 2,M> 

where R 2 ^ an d R 2 m are ^ ne even Weil representation and the odd Weil representation of 
G that are realized on L 2 + (U.^ m,n ^ and L 2 _ (lR( m,n )) respectively. Obviously the center Sf^M 
of G J 2 M is given by 

z Im = {((/2n,l),(0,0;«)) G } Symm(m,M). 

We note that the restriction of u>m to G2,A4 coincides with R 2 ,M an d ujmQ 1 ) = ^M(h) for 
all G 4™' m) . 

Remark. In the case n = m = 1, u,vi is dealt in [T] and [9]. We refer to [5] and [6] for 
more details about the Weil representation R 2) m- 



5. Covariant Maps for the Schrodinger-Weil representation 

As before we let A4 be a symmetric positive definite m x m real matrix. We define the 
mapping ^M) . m ^ m — > L 2( M (m,n)) by 

(5.1) JP^)(n,Z)(x) = e «^(*n**+2* t ^)} j (n,Z) G M nim , x G M (m ' n) . 

For brevity we put := M M \tt, Z) for (17, Z) G H n>m . 

We define the automorphic factor Jj^ : G J x M nm — ► C x for G J on H nj?n by 

(5.2) J M (g,(n,Z)) =e ™(M(z+\o+ li )(cn+D)-ic*(z+\o+ li )) 

where 5 = (g, (X, fx; k)) G G j with 5 = G Sp(n,M), (A, /u; k) G H^' m ^ and 

(0,Z)GH„,, m . 

Theorem 5.1. T/ie map ^( M ~) ; H„ im — ► L 2 (lR( m,ri )) defined by (5.1) is a covariant map 
for the Schrddinger- Weil representation ujj^i of G J and the automorphic factor J_m for G J 
on H nim defined by Formula (5.2). In other words, J^-^) satisfies the following covariance 
relation 
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(5.3) "m(9)^ M z = MM^Z))- 1 *™^ 

for all g G G J and (fi, Z) G H„ )m . 

Proof. For an element g = (g, (X, fi; k)) G G J with g = G Sp(n,M), we put 

(0*, Z*) = g ■ (fi, Z) for (0, Z) G H n>m . Then we have 

a, = 5 . o = (An + s)(cn + d)- 1 , 
= (z + \n + n)(cn + D)- 1 . 

In this section we use the notations to(b), go(a) and a n fl in Section 4. Since the following 
elements h(X,n; k), t(b), g(a) and a n of G J defined by 

h(\,KK) = (hn, (A, n; k)) with A, ,u g R (m ' n) , k g R (m ' m) , 
t(6) = (t (&),(0,0;0)) with6= *6GR (m ' m) , 
5 (a) = (c/ (a), (0,0; 0)) with a G GL(n, R), 
0"n = (o"n,o, (0,0; 0)) 

generate the Jacobi group, it suffices to prove the covariance relation (5.3) for the above 
generators. 

Case I.g = h(X,n;K) with A,// G R( m ' n ), « G R( m > m ). 
In this case, we have 

= O, Z* = Z + A CI + /x 

and 

J^(s,(tt,Z)) = e -«^(An*A+2A*Z+«+„«A)}_ 
According to Formula (4.5), for x G R( m ' n ), 

(0J M {h{\^-K))^){x) 

e ma{M(K+ l i t X+2x t fi)} e wia{M((x+\)n t (x+\)+2(x+\) t Z)} 

On the other hand, according to Formula (5.2), for x G M.( m ' n \ 
Jm {h{\, n; k), (n, Z)) 

e 7rjcr{A1(An*A + 2 A*Z + k + ^*A)} . e 7ricr{A1(2:n*x + 2x t (Z+An+^))} 
e 7rio-{X(K+ / u t A+2xV)} e 7rio-{.M((x+A)n *(s+A)+ 2 (x+A) *Z)} 

Therefore we prove the covariance relation (5.3) in the case g = h(X, fi; re) with A, fx, n real. 



Case II. g = t(b) with b = *6 G 



(n,n) 
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In this case, we have 

17* = 17 + b, Z* = Z and J» (g, (17, Z)) = 1. 
According to Formula (4.6), we obtain 

(u M (g)^) (x) = e^^^(x), x 
On the other hand, according to Formula (5.2), for x G R^ m ' n \ we obtain 

J M {^Z))-\^ z) {x) 

e 7ri cr(A4(x(n+b) *x+2 x J Z)) 

Therefore we prove the covariance relation (5.3) in the case g = t(b) with b = l b G IR*™'™). 

Case III. g = g(a) with a G GL(n,R). 
In this case, we have 

17* = f af! a, Z* = Za 

and 

JM(sf,(f2,Z)) = (deta)-T. 
According to Formula (4.7), for x G M*" 1 '™), 

(*) 

= (detajT^Va) 

= (deta)T • e Ti<7{A1(s! , a!l , (i , a)+2i' Q t Z)} i 
On the other hand, according to Formula (5.2), for x G R( m ' n ), 

^(^(^^-^^(x) 
= (deta)T^) a>Za(x) 
= (deta)f ■ e T*»{A<(* *a)+2**a'^)}. 
Therefore we prove the covariance relation (5.3) in the case g = g(a) with a G GL(n,M). 

Case IV. 5= "q") , (0, 0; 0) 

In this case, we have 

17* = — 17 , Z* = Z 17 

and 

Jm (flf, (17, Z)) = 1 CT ^ MZQ " ' z > ( det 17) ? . 
In order to prove the covariance relation (5.3), we need the following useful lemma. 
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Lemma 5.1. For a fixed element $7 G M n and a fixed element Z G C^ m ' n \ we obtain the 
following property 



= e~ m 



(5.4) f e* ia ( xQtx+2xtz Ux 11 ---dx mn = (det-) 

where x = ( Xij ) G R( m ' n ). 

Proof of Lemma 5.1. By a simple computation, we see that 

e ma(xn t x+2x t Z) _ e ~m a^ZQ,- 1 t Z) _ gTri oiix+ZQ,- 1 )®. ^x+ZQ- 1 )} 

Since the real Jacobi group Sp(n,R) K ^ m ' n) acts on H ni?Tt holomorphically, we may put 

n = i A % Z = iV, A G M ( "' n) , V = (vij ) G M (m ' n) . 

Then we obtain 

f e^ xntx+2xtz Ux n ---dx mn 

m<r(ZOr xt Z) /" e 7ria[{x+iV(iAU)-H(M*A) VHV(M'A)- 1 }] . . . 

J]g(m,n) 
JR(™.™) 

^-^) f e-™« uA ^ uA »d Ull ---du mn {Vutu = x + V(A t A)- l = (u l] )) 
= e -™<r(zn-"z) f e - n ^ wtw \detA)~ m d Wll ---dw mn (Put w = uA = ( Wij ) ) 

nil/' ™ & *%J 

= e -^ a(z ^ ltz) (detA)- m (because [e~ nw ^d Wij = l foralH,j) 

m 

= e-^(zn-^z) (det(^)Y 2 . 

This completes the proof of Lemma 5.1. □ 
According to Formula (4.8), for x G M^ m ' n \ we obtain 

(u M (g)^)(x) 

mn 

= (-) 2 (detM)* [ ^ M z \y)e~ 2 ^^ M y^dy 

mn 

= f-V (detM)^ [ e *i<T{M( L vCl*y+2v*Z)} e -2Ki<r(Mv t x) dy 

( mn 
-) 2 (detM)^ [ e ^°{M{y^y + 2yHZ-x))} dy _ 
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1 n 

If we substitute u = M.? y, then du = (det M.) 2 dy. Therefore according to Lemma 5.1, we 
obtain 

mn 

-) 2 (detM)* [ e* ia (^u + 2M^uHz- x) ) {detM y% du 

mn 

2 f e Kia{uQ. t u + 2u t (M 1 ' 2 (Z-x))) du 

\ 1 ) Jl(">.») 

( mn m 

= (detfl)-T e -T<KA4(z-x)n-i*(z-x)) 
= (detO) - ^ e - ^^^ -1 *^* " 1 ** -2 ^ -1 '*)) 
On the other hand, according to Formula (5.2), for x G R( m ' n ), 

= (detny^ e -*i°(Mzn-^z) e 7ri*{M(x(-n-i)tx + 2x t (zn-^))} 
= (detO) - ^ e -iria(M(zn- lt z + xn- lt x~2zn- lt x)) 

Therefore we prove the covariance relation (5.3) in the case g = a n . Since Jm is an 
automorphic factor for G J on H nim , we see that if the covariance relation (5.3) holds for for 
two elements <?i, #2 in G J , then it holds for gi#2- Finally we complete the proof. □ 

6. Construction of Jacobi Forms 

Let (tt, V w ) be a unitary representation of G J on the representation space V n . We assume 
that (tt, Vn) satisfies the following conditions (A) and (B): 

(A) There exists a vector valued map 

& : M n>m — ► V n , (n, Z) 1 ^ & a ,z := Z) 
satisfying the following covariance relation 

(6.1) 7r(7)^=V(7)«/(7,(^,^))" 1 %(n,Z) for all 7 G G J , (^, Z) G M„, m , 

where if) is a character of G J and J : G J x H nim — ► GL(1,C) is a certain automorphic 
factor for G J on H„ i?n . 

(B) Let T be an arithmetic subgroup of T J . There exists a linear functional : — ► C 
which is semi-invariant under the action of T, in other words, for all 7 G T and (fi, Z) G H nim , 

(6.2) (tt*(7)0, ^h,z) = (M^)" 1 ^) =x{l) (0, &n,z), 
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where ir* is the contragredient of tt and x '■ F — > T is a unitary character of T. 

Under the assumptions (A) and (B) on a unitary representation (ir,V n ), we define the 
function on H rairrt by 

(6.3) Q(n,z) -.= (e,&n, z ) = e(& n ,z), (n,z)£M n , m . 

We now shall see that is an automorphic form on H njrn with respect to T for the 
automorphic factor J. 

Lemma 6.1. Let (it, V w ) be a unitary representation ofG J satisfying the above assumptions 
(A) and (B). Then the function on M. n ,m defined by (6.3) satisfies the following modular 
transformation behavior 

(6.4) e(7-(n,z)) = ^(7) _1 x(7) _1 J(7,(n,z))@(n,z) 

for all 7 G f and (0, Z) G 



"■n,m- 



Proof. For any 7 G f and ($7, Z) G H nim , according to the assumptions (6.1) and (6.2), we 
obtain 

@{j-(n,z)) = (e,^. {QtZ) ) 

= <^^(7) _1 J(7,(n,Z))7r(7)^> 
= V(7) _1 «/(7,(^Z))(^7r(7)^,z> 
= V(7) _1 x(7) _1 47,(^^))<^^n,z> 

= ^(7) _1 x(7) _1 ./(7,(n,^))e(n^)- 

□ 

Now for a positive definite integral symmetric matrix Ai of degree m, we define the 
holomorphic function @_m : M. nj7n — > C by 

(6.5) e M (n,Z):= + (n,Z)€H B , m . 

Theorem 6.1. Xei M. be a symmetric positive definite, unimodular even integral matrix 
of degree m. Then for any 7 = (7, (A, //;«)) G T J wi/i 7 G T n and (A ;/ u;k) G H^' m \ the 
function Q_m satisfies the functional equation 

(6.6) 0^(7. (fi,Z)) =p^(7) J M {7,(n,Z))& M (n,Z), (ft,Z)GH n , m , 

where /9m (7) ls a uniquely determined character of T J with |/9a^ (7) | 8 = 1 an d Jm '■ G J x 
m nim — ► C x is the automorphic factor for G J on M n:Tn defined by the formula (5.2). 

Proof. For an element 7 = (7, (A, [/,; n)) G T J with 7 = G T n and (A,//;, 

Ff' m) , we put (17*, Z*) = 7 ■ (fi, Z) for (ft, Z) G M n , m . Then we have 

n, = 7 • n = (An + £)(cn + d)- 1 , 
z* = (z + \n + fi)(cn + d)- 1 . 



\k) G 
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We define the linear functional i? on L 2 (R( m >")) by 

Hf) = (#,f):= £ /e£ 2 (K (m ' n) ). 



.,n) 

We note that 0,/n(f2,Z) = $(<^!^z )- Since J^-^O is a covariant map for the Schrodinger- 
Weil representation u_\4 by Theorem 5.1, according to Lemma 6.1, it suffices to prove that 
i9 is semi-invariant for lu_\4 under the action of F J , in other words, i? satisfies the following 
semi-invariance relation 

(6-7) (*»mW^ ) ) = Pm(T 1 

for all 7 G T J and (ft, Z) G M„ im . 

We see that the following elements /i(A, \i\ k), t(b), g(a) and a n of defined by 

h(X, n; k) = (hn, (A, n; «)) with A, // G Z< m ' n ) and « G Z^" 1 '" 1 ), 
t(6) = (t (b), (0, 0; 0)) with any b = % G Z^ n ' n ), 
5(a) = (50(a)) (0,0; 0)) with any a G GL(n, Z), 
0"n = (s n ,o, (0,0; 0)) 

generate the Jacobi modular group r J . Therefore it suffices to prove the semi-invariance 
relation (6.7) for the above generators of r J . 

Case I. 7 = h(X, n; k) with A, /z G Z^ n \ k G z( m - m ). 
In this case, we have 

fi* = Z* = Z + A + /x 

and 

J M (l,(n,Z)) = e -™°{M(xntx+2Xtz +K +^x)}_ 
According to the covariance relation (5.3), 

= Jm&^Z))- 1 ^,^^^) 

= j M {^,(n,z)y l e * ia { M ( AntA+2At ( z+xn+ ^} 

= Jm(7, (n, Z))' 1 • e --<K»(An<A + 2A'z)) 

x ^ e 2vri ( 7(A^AV) e 'r^{- A/! (( A + A ) nt ( A + A ) + 2 ( A+A ) tZ )} 

Here we used the fact that a(M.A t n) is an integer. We put pm{j) = PM{h(X, \x\ k)) = 
e -w 'i a[M{n + ij. A))^ Therefore ■d satisfies the semi-invariance relation (6.7) in the case 7 = 
h(\,n;K) with \,fi G Z( m '™), « G Z( m - m ). 
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Case II. 7 = t(b) with b = % G Z( n > n \ 
In this case, we have 

= f2 + b, Z* = Z and Jm (7, (fi, Z)) = 1. 
According to the covariance relation (5.3), we obtain 

= (v,j M (j,(n,z)y\^ z) ) 

_ e TTia{M(A(n+b) t A + 2A t Z)} 

Aez< m - n ) 

_ ^2 e ni<r(M(ASl t A + 2A*Z)) , giriatMAb'A) 



m,n) 



e 7ri(r(X(An t J 4 + 2A*Z)) 



m, n) 

Here we used the fact that <t(.Mj4.6*A) is an even integer. We put pm{i) = PM.{t(p)) = 1- 
Therefore $ satisfies the semi-invariance relation (6.7) in the case 7 = i(6) with b = *6 G 

Case III. 7 = </(a) with a G GL(n,Z). 
In this case, we have 

= t a£la, Z* = Za 

and 

J M (j,(n,Z)) = (deta)-T. 
According to the covariance relation (5.3), we obtain 

= (deta)T <*J#g a>Za > 

= (deta)f J] W 

= (deta)^ ^ e *i<r{.M(ji«an*(jl*a)+2A*a«Z)} 

= (deta)T 

Here we put pa^t) = Pm{^{° 1 )') = (deta) - ^". Therefore $ satisfies the semi-invariance 
relation (6.7) in the case 7 = g(a) with a G GL(n,Z). 
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Case IV. 7= ((^ ~J n ) , (0, 0; 0)) . 



In this case, we have 
and 



— — Q , Z* — Z ^1 



j M (7, (n, z)) = e ^^ Mzn ~ l tz i ( det n) - . 

In the process of the proof of Theorem 5.1, using Lemma 5.1, we already showed that 



2 e -Kio(Mzn,- lt z) 



(6.8) / e «i<T(M(ynt y + 2ytz)) dy= ( det .M) ~f ( d et - 

By (6.8), we see that the Fourier transform of is given by 

/ — 

(6.9) = (detA<)-2fdet"j ' e -*M*i(z-x)n-i«(z-*» 

According to the covariance relation (5.3), Formula (6.9) and Poisson summation formula, 
we obtain 

<^(7)^> 

= (ti,j M fr(n,z)y\^ z) ) 
= j M {^z))-\^^l ZQ _,) 

= (detO)~^ e -7Tia(MZn- Lt Z) ^ e -Kia{M{AQ.- lt A-2AQ- lt Z)) 



m,n) 



= (detft)"^ ^2 e~ 7ria ( M< - zn ~ ltz + An ~ ltA ~ 2An ~ ltz ^ 
= (detn)-T (^(^)^ lt (^)) 

det?) ^n$( A ) (by Formula (6.9)) 

det -p 1 ] ^2 ^ctz (^) ( by Poisson summation formula) 
= (detA4)*(-0™ 

Here we used the fact that det M. = 1 because Ai is unimodular. We put (7) = 
PM{ a n) = (— ■ Therefore d satisfies the semi-invariance relation (6.7) in the case 
7 = a n . The proof of Case IV is completed. Since Jm is an automorphic factor for G J on 
EIn,m) we see that if the formula (6.6) holds for two elements 71,72 in T J , then it holds for 
7i 72- Finally we complete the proof of Theorem 6.1. □ 
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Remark 6.1. For a symmetric positive definite integral matrix M. that is not unimodular 
even integral, we obtain a similar transformation formula like (6.6). If m is odd, ©^(fi, Z) 
is a Jacobi form of a half-integral weight ^ and index 4p with respect to a suitable arithmetic 
subgroup r@ M of T J and a character pM of Tq m . 

For instance, we obtain the following : 

Theorem 6.2. Let M. be a symmetric positive definite integral matrix of degree m such 
that det (M) = 1. Let T\p be an arithmetic subgroup ofT n generated by all the following 
elements 

*>=C? iy *°>=c? :-)• "»•)■ 

where b = t b £ lS- n > n ) with even diagonal and a £ Z^ n ' n \ We put 

1 1,2 •— 1 1,2 X 

Then 6» satisfies the transformation formula (6.6) for all 7 G T/ 2 . Therefore @m is a 
Jacobi form of weight -^ wii/t /ewe/ Ti^ and index 4r /or i/te uniquely determined character 
PM ofT{ 2 . 

Proof. The proof is essentially the same as the proof of Theorem 6.1. We leave the detail 
to the reader. □ 
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